Analytical solutions for dynamic deformation of foam materials during the Taylor cylinder-Hopkinson bar impact experiment were obtained. It was shown that shock wave of foam collapse appears during the fast impact. The results of this experiment can be used in estimating the average material properties of the foam under dynamic loading conditions. Results show that the undeformed and change in length of foam specimens are in good agreement between theory and experiment, as well as numerical analysis.
Introduction
Closed-cell metal foams have unique non-linear deformation behavior, which make them attractive in many applications. The building block of this family of cellular material is a polyhedron shell of different sizes and wall thicknesses, and usually filled with a gas such as air. Under quasi-static deformation, metal foam shows three distinct regions of deformation (Fig. 1 ). In the first region, elastic deformation of the cell walls appears on the engineering stress-strain diagram as the elastic region. The buckling and plastic collapse of foam cells appear as the quasi-plateau region (Region 2). After the collapse of the foam cells, densification of the foam makes it stiffer as it approaches the density of its constituent material (Region 3). The non-linear behavior of foam materials is often characterized by different parameters. The critical strain and stress (e cr ; r cr ) is defined at the intersection of tangents drawn in the linearelastic and quasi-plateau region on the engineering stress-strain plot. Similarly, the densification or locking strain (e d ) is defined at the intersection of tangents drawn in the quasi-plateau and densification region and is presented in Fig. 1 [1] . The energy absorbed per unit volume of foam material, U Q-S max , during quasi-static compression can be expressed as:
where, e Q-S max , is the maximum strain obtained from quasistatic compression. An elastic-perfectly-plastic-rigid (E-P-P-R) model of foam material, which gives the same energy absorbed per unit volume of foam material, can be defined with three parameters e P cr , r P cr , and e max , where, e max ¼ 1 À ðq 0 =q a Þ, and the critical stress of E-P-P-R model, r This model is conservative in energy absorption; however, it is non-conservative in elastic deformation. Because the elastic deformation is relatively small, this model is suitable for describing the energy absorbing behavior of foam materials. The non-linear large deformation and energy absorbing characteristics of foam materials can be used in applications where impact energy absorption and shock attenuation is important. Thus, the physical mechanisms of dynamic deformation and energy absorption during non-quasi-static impact problems need to be investigated. In a previous work of the authors [2] , the highvelocity impact of a massive plate on a metal foam layer was considered, and through analytical and numerical study it was identified that a shock wave of foam collapse appears. A quasi-static regime and three different high impact velocity regimes were identified, out of which two high velocity regimes are of engineering interest. Shock wave propagation is important in all three high velocity regimes. In one of the latter regimes, the shock wave propagates through a completely non-perturbed medium; and in the other, an elastic precursor with amplitude in the range of the critical stress appears. This acoustic precursor propagates with the linear sound velocity and as a result, the shock front propagates through a dynamically perturbed material. It was also shown that the energy of the moving plate that is absorbed by the metal foam layer was related to the densification of the foam on the collapse shock front, which is primarily characterized by the velocity and areal density of the impacting plate, by the initial density of the foam, and the density of the constituent material. For lower velocities, it was also characterized by the critical strain of the foam. It should be noted that the absorption energy was not characterized by the viscoplastic characteristics of the material.
Because the mechanism of energy absorption is related to the dynamics of the propagation of the collapsing wave, it is of interest to study the dynamic collapse behavior experimentally. In the past, a classical compression split Hopkinson pressure bar (SHPB) experimental procedure has been used in characterizing the high strain rate behavior of foam materials [3] [4] [5] [6] [7] [8] [9] . Testing of acoustically soft materials, e.g., foam, rubber, clay etc., using a traditional steel bar faces difficulties of poor transmission to the transmitter bar (also known as the output bar). Use of aluminum and PMMA bars are common in the measurement of transmitted stress, and efforts in developing a Hopkinson bar test method for soft materials can be found [10, 11] . Two other simple techniques for the dynamic testing of foam materials have been used: a direct impact single pressure bar technique and a rod impact (Taylor) testing technique [12] [13] [14] . In the direct impact single pressure bar technique (Fig. 2a) , the specimen is placed on the impact end of the output bar and the striker bar (often called the projectile) is fired directly onto the specimen. This method requires a model to estimate the displacement of the impact on the face of the specimen.
Baker et al. [15] used a load cell to measure the force instead of using a single pressure bar in testing honeycomb materials. In this case, the kinetic energy of the projectile should be significantly smaller than the traditional SHPB, because the total energy required to collapse a small foam specimen is also very small. In the Taylor test technique, on the other hand, specimens can be fired at any impact velocity directly onto a rigid wall (Fig. 2b) . A combination of Hopkinson bar and rod impact can also be used, where the foam specimen is fired directly onto a single pressure bar and is termed as ÔTaylor cylinder-Hopkinson barÕ test (Fig. 2c) . This method also requires a model for the specimen deformation, while the force can be measured from the output bar signal. Following the analytical model and experimental procedure as described by Reid and Peng [1] , Deshpande and Fleck [5] used a fixed mass (considerably bigger than the foam specimen) on the back of the specimen in measuring the force-time history in aluminum alloy foams. The addition of a heavy mass in the back of the specimen adds complexity to the analysis; however, an ultra-light polymeric foam can be added to the back face of the specimen for stability during flight and the effect of the added mass can be neglected.
In this work, the direct impact of closed-cell aluminum foam cylinders onto the output bar in a single pressure bar set-up is considered. Unlike Deshpande and Fleck [5] , and as mentioned above, an ultra-light polymeric foam attached to the back of the specimen is used, the mass of which is neglected to simplify the analysis. During the Taylor cylinder-Hopkinson bar impact tests, the acoustic signal generated in the output bar was registered and the samples were cross-sectioned along the central axis after recovery. The acoustic response of the system is obtained from the Hopkinson bar strain gage data and one can visually see the ÔfrozenÕ shock front in the specimen that stopped some distance from the contact surface, with said distance being dependent on the impact velocity of the foam cylinder. A theory, as well as numerical modeling, of this experiment are presented.
Quasi-static and impact testing of aluminum foam
Quasi-static compression and impact tests were conducted on cylindrical aluminum foam specimens, 19 mm in diameter and 40 mm in length. Test specimens were prepared by core-drilling a foam plate received from Fraunhofer Resource Center USA and manufactured by a powder metallurgical process developed by the Center. As a consequence of the manufacturing process, a dense Al skin (of average thickness 0.5 mm) is formed on the surfaces of the plate. Core-drilling was performed through the thickness of the plate and therefore specimens were essentially an aluminum cylinder foam core between two Al-discs. Before testing, samples were weighed and the average density of each specimen was calculated. Although the volume of the specimens were the same, the specimens were found to have a range of densities (0.35-0.39 g/cm 3 ) due to the non-homogeneous size and non-homogeneous spatial distribution of cells in a foam plate of dimension 300 mm Â 300 mm.
A quasi-static compression test was conducted using a displacement controlled Instron test machine at a cross-head speed of 0.2 mm/s. From these tests, force-displacement curves were obtained and then stress-strain curves were calculated. Fig. 1 shows the quasi-static compression test results of three cylindrical specimens, where the compressive stress is presented as positive numbers. The stress-strain curve of individual foam samples (in the density range 0.351 to 0.385 g/cm 3 ) were similar; however, the variations in stress values are attributed to the variations in density, cell size, and distribution. The same figure also shows the stress strain curve of a larger cubic sample (38 mm Â 33 mm Â 42 mm) with an average density of 0.33 g/cm 3 . Although this specimen has a lower average density than the coredrilled cylindrical specimens; in the plateau region, both specimen types showed similar stress values, and results have confirmed that the studied specimen size was sufficient to represent the bulk compression behavior. The plateau stress was not constant and increased continually as the strain increased as depicted in Fig. 1 . Following the initial plateau stress of about 2 MPa, the stress increased to 4 MPa at 0.3 strain. At a strain of 0.4, densification started; and in this region, stress increased rapidly with increasing strain, which is a typical behavior of foam materials [16] . The average density, critical strain and stress, the densification strain, and elastic modulus for this foam material was found to be: q 0 ¼ 0:37 g/cm 3 , e cr ¼ 0:008, r cr ¼ 2:31 MPa, and e d ¼ 0:51, and E 0 ¼ 248 MPa, respectively. The parameters for E-P-P-R model for this foam specimen was found to be: e max ¼ 0:863, e Impact tests were performed by directly firing the foam specimens onto the impact end of the output bar of a single pressure bar configuration. Foam specimens were placed laterally inside the gas gun barrel with a polymeric foam backing, which was used to guide the foam sample in the barrel and provided a planar impact (Fig. 3) . Prior to impact, near the impact area, the velocity was measured using an electronic velocity measurement unit consisting of two pairs of photodiodes and light sources. By varying the gas gun pressure, impact velocities in the range 20-200 m/s were obtained. The output bar is made from Inconel 718 alloy, 3620 mm in length and 19.05 mm in diameter. Other important properties of the bar are as follows: YoungÕs modulus, 200 GPa, elastic wave speed, 4920 m/s and PoissonÕs ratio, 0.29. A full-bridge strain gage station on the bar was used to record the strain as a function of time. The strain gage data (volts) from the output bar is converted into stress and presented in Fig. 4 for three different impact velocities. The following relation is used to convert the strain gage voltage into stress in the output bar:
where, rðtÞ is the stress in the output bar as a function of time, e V ðtÞ is the strain gage voltage as a function of time, G g is the amplification factor, K g is the strain gage factor, V I is bridge input voltage, E B is the elastic modulus, and m B is the PoissonÕs ratio of the bar material. The strain gage location on the output bar was 2712 mm away from the impact face, which introduced some dispersion (widening of stress pulse) in the stress responses. In addition to this effect, one observes some high frequency oscillations (a characteristic of the finite diameter Hopkinson bar [12] ) in the responses too. In general, the stress responses have a sharp peak, followed by some oscillations and a long stress pulse (see, for instance, the 79 and 200 m/s impact velocity cases). These stress responses represent the stress pulse produced by the impact of a foam cylinder on the output bar. The zero in time scale on Fig. 4 is arbitrary and does not represent the time of impact of the foam specimen on the impact end of the output bar, because, the data acquisition was triggered by a single strain gage (quarter-bridge) located 172 mm ahead of the full-bridge strain gage station. The final length of aluminum foam specimens after impact are measured and sectioned. Fig.  5 shows the cross-sections of three specimens. At an impact velocity of 26 m/s, no shock front appeared and the specimen is almost un-deformed. At an impact velocity of 79 m/s, about half of the specimen is densified, and the shock front is clearly visible. At an impact velocity of 200 m/s, the foam specimen is almost completely collapsed. The cross-sections of the tested specimens also showed that there are variations in the cell size and that may be responsible for the low frequency oscillations in the stress history as presented in Fig. 4 . Future experiments should use larger diameter specimens to minimize the effect of cell size, which is not addressed in this study due to the limitation of the gas gun diameter. In order to get more insight into the experiments, a theoretical analysis, as well as numerical simulations, were conducted and described below.
Analytical consideration
The process of stopping a moving rod made from metal foam is physically more complex than stopping a plate with a foam layer, which was considered in a previous work [2] . As a preliminary exercise, consider the impact of an elastic body or rod on a rigid wall. After the impact, an acoustic stress wave starts to propagate in the opposite direction of the impact towards the free end of the elastic rod with the sound propagation velocity of the material. Ahead of this wave front, the material of the rod Ôknows nothingÕ about the stress wave. Behind the moving front; the material is at rest, but stressed. When the wave front reaches the free end of the rod, the latter stops, and the whole rod is at rest. However, because the rod is stressed, the free end of the rod begins to move in the opposite direction with a velocity equal in magnitude to the initial one, and the reflected wave starts to propagate in the direction of the rigid wall. When this wave reaches the rigid wall, the rod loses contact with the wall and Ôjumps offÕ, as it were.
If the rod is made from metal foam, the situation is significantly different. When the rod impacts the wall and the dynamic pressure exceeds the critical stress, a shock wave will form in which the foam collapses. If the impact velocity is very low, and the dynamic pressure is well below the critical stress, the foam will remain elastic. The propagation dynamics of the stress wave will depend on what is happening prior to the wave front. If the velocity of the rod, V , exceeds the elastic wave speed of the foam, c 0 , no signal can leave the shock wave front and the foam in front of the shock front stays completely unloaded and will continue to move with the initial velocity up to the moment when the entire rod will collapse. However, if the velocity of the rod is smaller than the elastic wave speed of foam, an acoustic precursor-elastic wave signal can propagate ahead of the collapse shock front. However, the stress due to the acoustic precursor cannot exceed the critical stress r P cr . Following TaylorÕs rod impact theory [17] , the material velocity after the acoustic precursor has passed will be equal to ðV À ðr P cr =q 0 c 0 ÞÞ, and after the reflection of this wave from the free end, it will equal ðV À 2ðr P cr =q 0 c 0 ÞÞ; q 0 being the initial density of the foam material. However, when the reflected wave reaches the front of the collapse, in the ideal case it cannot reflect back because it will be absorbed by the shock wave. Thus, after a time of order 2L 0 =c 0 (L 0 being the initial length of foam specimen), one can expect that some kind of quasi-static distribution of stress will form in this part of the rod. The simplest expression for the distribution of stress along the rod, considering the E-P-P-R model is rðxÞ ¼ r
P cr

LðtÞ x ð4Þ
where x is the coordinate calculated from the free moving end of rod and LðtÞ is the distance between the free end of the rod and the front of the collapse (Fig. 6) . Then, suggesting that all parts of the rod before the collapse front are moving with approximately the same velocity (the difference is of order 2ðr P cr =q 0 c 0 Þ which is small in comparison to V ), the equation for the velocity of the rod goes as [12] 
and the momentum continuity on the jump, mass conservation, and un-collapsed length are given, respectively, by 
where, C is velocity of shock front, r Ã is the stress in the densified region, q 0 and q a are the densities of foam and aluminum, respectively. Consequently, from Eqs. (7) and (8) it can be shown that:
and
Substituting V in Eq. (5), the time derivative of C may be given as
and finally
where
Eq. (15) can be solved as follows
and thus
the constant C 1 can be given via Eqs. (9) and (12), and thus
then one has
This equation can be solved in terms of time as a function of L
and Denoting
and the integral takes the form
It is important to mention that this solution remains valid only if r Ã > r P cr . In the opposite case, no shock wave can appear. Expressing the material velocity V and front velocity C via _ L L, one has
The physically meaningful solution for _ L L gives the condition
and the critical point is
One can see that it is just the condition of the existence of a real solution (for L < L 0 or s < 1)
with
Thus, one can see that the length of the non-collapsed part of the rod is exponentially decreasing with increasing velocity of the foam rod, or decreasing critical stress. It is assumed in the derivation of Eq. (42) that the critical stress, r P cr , is not a function of impact velocity or strain rate. Fig. 7 shows the dimensionless critical uncollapsed foam length as a function of impact velocity for different values of r P cr , at a constant foam density, q 0 ¼ 0:37 g/cm 3 . Similar plots can also be constructed using Eq. (42) for other foam densities, and can be used as a design chart for experiment. The main objective of the Taylor cylinder-Hopkinson bar impact experiment is to impact a specimen at a velocity such that the Ôfro-zenÕ shock front is easily measurable. In order to experimentally measure the un-collapsed length with accuracy and to be able to differentiate between the critical stresses, one must choose a desired L cr =L 0 value in the range 0.3-0.5 and choose the corresponding impact velocity. The experimentally measured value of L cr =L 0 can then be plotted as a function of impact velocity and the data curve fitted using Eq. (42) to experimentally determine the E-P-P-R model parameter, r P cr . Fig. 8 shows the experimentally measured values of L cr =L 0 as a function of impact velocities. The critical stress, r P cr , is found to be 3.92 Mpa, which agrees well with that estimated by using Eq. (2). The limited data presented in Fig. 8 shows significant scatter, however, it demonstrates the robustness of this simple experimental technique in obtaining the E-P-P-R model parameter, r P cr , from simple measurements of the un-collapsed length, L cr .
The present analytical model considered the displacement of the impact surface to be zero, as in the case of a rigid wall. However, in a real experiment the displacement of the impact wall or surface is not zero, but negligible in comparison to the total collapsed length of the foam specimen. The impact of the foam specimen on the Hopkinson bar impact face produces a stress wave that propagates along the bar. In order to get insight into the stress wave propagation in the output bar, numerical experiments were conducted and are described below.
Numerical simulation of Taylor cylinder-Hopkinson bar impact experiment
A numerical simulation of the Taylor cylinder-Hopkinson bar impact experiment is performed using the explicit finite element code, LS-DYNA 960. A quarter symmetric three-dimensional numerical model of an aluminum foam specimen impacting on an output bar was developed. Boundary conditions representing two axes of symmetry are included in the model. A surfaceto-surface contact condition is defined between the cylindrical aluminum foam specimen and the output bar end without friction. The impact velocity of the foam specimen is defined as the initial condition. Fig. 9 shows the finite element model of the Taylor cylinder-Hopkinson bar impact experiment. As described in the experimental section, the foam specimens have an aluminum skin of about 0.5 mm thickness. The present model considers this feature by modeling a 0.5 mm aluminum skin on both sides of the specimen. Three elements are used through the thickness of the aluminum skin, which is the minimum geometric dimension (0.167 mm) of this model. In order to match the through-thickness fine mesh of the foam specimen, the mesh density along the length of the output bar is biased, such that both ends of the bar have similar element thicknesses. Linear elastic material properties (E B ¼ 200 GPa, q B ¼ 8400 kg/m 3 , m B ¼ 0:29) are used to model the Inconel output bar (MAT_ELASTIC). Although an elastic-perfectly-plastic-rigid (E-P-P-R) model for the foam is used in the analysis, to mimic a realistic stress wave experiments, the foam is modeled with the honeycomb material model available in LS-DYNA 960. MAT_HONEYCOMB allows one to use experimentally measured load curves in compression and shear. This material model neglects the elastic deformation and is good enough for the computation of energy and displacement; however, it is not good for the elastic stress analysis. The material parameters for aluminum foam used in the present numerical simulation are: foam density q 0 ¼ 370 kg/m 3 , elastic modulus of un-collapsed foam, E 0 ¼ 248 MPa, volume fraction of densified foam, v f0 ¼ 0:137; while the deformation behavior is provided through load curves.
Load curves for all three directions are considered the same, and the shear behavior is considered as elasticperfectly-plastic (Fig. 10) . In addition to load curves, this model requires the elastic-plastic properties of fully compacted materials, and in the present case, the properties of aluminum (E a ¼ 70 GPa, q a ¼ 2700 kg/m 3 , m a ¼ 0:285, r a y ¼ 240 MPa) are used. The MAT_HON-EYCOMB model [18] treats the material as isotropic or orthotropic before compaction, and the stress tensors are un-coupled with zero PoissonÕs ratio. After full compaction to final relative volume, the material is treated as elastic-perfectly-plastic. The details of the stress update equations can be found in [18] . Because the critical stress of the foam is much smaller than its constituent material, the skin is modeled with linear elastic properties of aluminum. The time increment in explicit integration is automatically calculated by LS-DYNA Fig. 11 shows the stress-time history as obtained from the numerical simulation of the impact experiment described earlier. The time axis of the numerical response is shifted such that the rise of the first peak of the experiment matches with that of the simulation. Most of the features observed in the experiment are captured by the numerical prediction, e.g., the first peak, the Pochhammer modes, and the pulse duration. However, the predicted amplitude of the first peak and the trailing edge is higher than the experimental observations.
The experimental SHPB response for aluminum foam with an impact velocity of 79 m/s is compared with the numerical simulation in Fig. 12 . The slope of the first peak matched well with the experiment, however, the amplitude is over predicted by a few percent. The total duration of the entire pulse matched well with the experiment. However, the amplitude of the trailing edge prediction is higher than the experimental observation. This can be explained by the non-uniform porosity and cell size distribution of the aluminum foam specimens, while the numerical simulation is based on uniform properties.
In order to understand the impact response of the aluminum foam specimens, a parametric study is performed using the finite element model. It was mentioned earlier that the finite element model of the foam specimen consists of two half-mm thick aluminum skins. The first parametric study involves just impacting an aluminum skin onto the output bar at an impact velocity of 79 m/s. The second parametric study involves changing the aluminum skin properties into foam properties, which will simulate the impact of a pure aluminum foam specimen on the output bar. Fig. 13 presents the output bar responses of all the test cases at 79 m/s impact velocity. The impact of an aluminum skin produced a short pulse, the frequency and amplitude of which are very similar to the first peak of the aluminum foam specimen with skin. This parametric study indicates that the first peak obtained from the experiment is due to the presence of an aluminum skin on the foam specimen. The numerical response of aluminum skin is subtracted from the numerical response of the aluminum foam specimen with skin (Foam with Al-Skin minus Al-Skin), which shows good correlation with the numerical response of aluminum foam without skin (All Foam). It is thus very important to remove the aluminum skins from the foam specimen to avoid high frequency oscillations, which complicates the data interpretation. If the first peak is associated with the response of the aluminum skin, then the trailing edge of the stress-time data represents the dynamic stress developed in the collapsed part of the specimen. The dimensionless change in the length, DL=L 0 , of the aluminum foam specimens under impact is computed by dividing the difference in displacements of the specimen edges by its original length, L 0 . Fig. 14 shows that DL=L 0 is almost linear up to the point where the deformation of aluminum foam stops. These constant DL=L 0 values are compared with the measured final change in length values after the impact experiments (solid lines with corresponding experimental measurements marked). For small deformations, the numerical prediction matches well with the experimental values; however, it does not show good correlation in the case of large deformation. This can again be attributed to the non-uniform distribution of foam porosity, because the large deformation experiments showed non-uniform deformations of the specimens (impact velocities 79 and 200 m/s in Fig. 6 ) as discussed in the analytical section, while the numerical analysis considers the porosity as uniform.
Summary
It has been shown that the Taylor cylinder-Hopkinson bar impact experiments with metal foam are a simple and reliable method for the investigation of the non-equilibrium deformation of the foam under fast shock. As in the Taylor impact experiment, the length of the un-loaded end of the sample after the impact, can be used for investigating the dynamic deformation of the foam under impact and can be correlated with the critical stress of E-P-P-R model. The analytical solution for the critical un-collapsed length can be used to create design charts for experimental design. Because of the exponential dependence on the inverse of the critical stress of the length of the non-deformed end of the specimen, analytical and numerical modeling shows that this experimental technique can be used for a precise investigation of the dynamic critical stresses. Numerical simulation provided insight into the effect of the aluminum skin on the foam specimen and helped specimen design for future experiments. Further development of this technique will allow the determination of the rate dependent critical stress of porous foam type materials. Time, µs. 
